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YOUNG WALL MODEL FOR A
(2)
2 -TYPE
ADJOINT CRYSTALS
SEOK-JIN KANG
Abstract. We construct a Young wall model for higher level A
(2)
2 -
type adjoint crystals. The Young walls and reduced Young walls are
defined in connection with affine energy function. We prove that the
affine crystal consisting of reduced Young walls provides a realization of
highest weight crystals B(λ) and B(∞).
Introduction
This paper is a twisted version of [4], where we constructed a Young wall
model for A
(1)
1 -type adjoint crystals. Let g be an affine Kac-Moody algebra
containing a canonical finite dimensional simple Lie algebra g0. The adjoint
crystal is a U
′
q(g)-crystal of the form
B = B(0)⊕B(θ)⊕ · · · ⊕B(lθ) (l ≥ 0),
where θ is the (shortest) maximal root of g0. In [1], Benkart et al. introduced
the notion of adjoint crystals and proved that B = B(0)⊕B(θ) is a perfect
crystal of level 1 for all quantum affine algebras (including exceptional types).
The perfect crystals, whose theory was developed by Kang et al. [9, 10],
provide a representation theoretic foundation for the theory of vertex models
in mathematical physics. In particular, every perfect crystal yields a path
realization of the highest weight crystals B(λ) and B(∞) for any dominant
integral weight λ ∈ P+.
Thus it is an important and interesting problem to find an explicit con-
struction of perfect crystals. In [9, 10, 7], it was shown that the higher level
adjoint crystals are perfect for the quantum affine algebras of type A
(1)
n , C
(1)
n ,
A
(2)
2n , D
(2)
n+1 with explicit description of 0-arrows. In [2, 11], the adjoint crys-
tals are proven to be perfect for the affine types A
(2)
2n−1, B
(1)
n , D
(1)
n . Still, it
is an open problem to prove the same statement holds for exceptional affine
types.
The Young walls, introduced by Kang in [6], provide a combinatorial model
for level 1 highest weight crystals over quantum affine algebras of classical
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type. They consist of colored blocks of various shapes on a given ground-
state wall following the pattern prescribed for each affine type. The actions
of Kashiwara operators are given explicitly by combinatorics of Young walls
and the level 1 highest weight crystals are characterized as affine crystals
consisting of reduced Young walls. Moreover, the characters can be computed
easily by counting the number of colored blocks in each reduced Young wall.
For higher level highest weight crystals, we use multi-layer level 1 Young
walls to obtain a realization [8].
All the Young walls mentioned above arise from the perfect crystals of
fundamental representations V (ω1). In some cases, they coincide with level
1 adjoint crystals. In [4], Jung et al. constructed a Young wall model for
higher level A
(1)
1 -type adjoint crystals and proved that the Uq(A
(1)
1 )-crystal
consisting of reduced Young walls provides a realization of higher level high-
est weight crystal B(λ) and B(∞). The key point of this construction lies
in that all the higher level Young walls arising from the adjoint crystals are
of thickness ≤ 1.
In this paper, we extend the results of [4] to the case of twisted quantum
affine algebra Uq(A
(2)
2 ). We first recall the basic properties of Uq(A
(2)
2 ) and
give a detailed account of affinization of adjoint crystals, (affine) energy
function and (affine) path realization of higher level highest weight crystals
B(λ). Then we construct a Young wall model for the A
(2)
2 -type adjoint
crystals. The crucial point is that we stack two 1-blocks successively to
define the Kashiwara operators f˜1 and F˜1 taking the identification (3.1) into
account.
The combinatorics of Young walls are explained in Section 4, where we
define the (affine) crystal structure on the set of Young walls. The reduced
Young walls will be defined in connection with affine energy function. Our
main theorem states that the A
(2)
2 -type affine crystal R(λ) consisting of
reduced Young walls on λ provides a realization of the highest weight crystal
B(λ) over Uq(A
(2)
2 ). The final section is devoted to the Young wall realization
of B(∞).
We hope our construction will lead to further developments in Young
wall model theory associated with higher level adjoint crystals (and general
perfect crystals) for all quantum affine algebras.
Acknowledgments. The author would like to express his sincere grati-
tude to In-Je Lee, S.J. for his great help in writing this manuscript.
1. Quantum affine algebras
Let I = {0, 1, · · · , n} be a finite index set and let (A,P,Π, P∨,Π∨) be an
affine Cartan datum consisting of:
(i) a symmetrizable Cartan matrix A = (Aij)i,j∈I of affine type,
(ii) a free abelian group P of rank n+ 2,
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(iii) a Q-linearly independent set Π = {αi ∈ P | i ∈ I},
(iv) P∨ = HomZ(P,Z),
(v) Π∨ = {hi ∈ P
∨ | i ∈ I}
satisfying 〈hi, αj〉 = aij (i, j ∈ I).
Set h = Q⊗Z P
∨. Take an element d ∈ P∨ such that αi(d) = δi,0 (i ∈ I).
The fundamental weights Λi ∈ h
∗ (i ∈ I) are defined by
Λi(hj) = δij , Λi(d) = 0 for i, j ∈ I.
There is a non-degenerate symmetric bilinear form ( , ) on h∗ satisfying
〈hi, λ〉 =
2(αi, λ)
(αi, αi)
for λ ∈ P , i ∈ I.
(See [5] for more details.)
Let q be an indeterminate and set
qi = q
(αi,αi)/2, [n]i =
qni − q
−n
i
qi − q
−1
i
.
Definition 1.1. The quantum affine algebra Uq(g) associated with (A,P,Π,
P∨,Π∨) is the Q(q)-algebra with 1 generated by ei, fi (i ∈ I), q
h (h ∈ P∨)
subject to the defining relations
(1.1)
q0 = 1, qhqh
′
= qh+h
′
(h, h′ ∈ P∨),
qhejq
−h = q〈h,αj〉ej ,
qhfjq
−h = q−〈h,αj〉fj (h ∈ P
∨, j ∈ I),
eifj − fjei = δij
Ki −K
−1
i
qi − q
−1
i
,
1−aij∑
k=0
(−1)ke
(1−aij−k)
i eje
(k)
i = 0 (i 6= j),
1−aij∑
k=0
(−1)kf
(1−aij−k)
i fjf
(k)
i = 0 (i 6= j),
where Ki = q
(αi,αi)
2
hi , e
(k)
i = e
k
i /[k]i!, f
(k)
i = f
k
i /[k]i!.
The subalgebra U
′
q(g) generated by ei, fi,K
±1
i (i ∈ I) is also called the
quantum affine algebra.
We denote by c = c0h0 + · · · + cnhn the canonical central element and
δ = d0α0 + · · · + dnαn the null root, where the coefficients ci, di (i ∈ I) are
given in [5]. Then we have
P =
⊕
i∈I
ZΛi ⊕ Z
(
1
d0
δ
)
,
P∨ =
⊕
i∈I
Zhi ⊕ Zd.
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Note that d0 = 1 except for the affine A
(2)
2n -type, in which case d0 = 2.
Let cl : P → P/Z( 1d0 δ) be the canonical projection and let
Pcl := cl(P ) =
⊕
i∈I
Zcl(Λi).
Moreover, we define
P+ = {λ ∈ P | 〈hi, λ〉 ≥ 0 for all i ∈ I}
and set P+
cl
:= cl(P+). The level of λ ∈ P is defined to be 〈c, λ〉 ∈ Z.
Definition 1.2. A Uq(g)-crystal (resp. U
′
q(g)-crystal) is a set B together
with the maps e˜i, f˜i : B → B ∪ {0}, εi, ϕi : B → Z ∪ {−∞}, wt : B → P
(resp. wt : B → Pcl) satisfying the following conditions:
(i) for each i ∈ I, we have ϕi(b) = εi(b) + 〈hi,wt(b)〉 (resp. ϕi(b) =
εi(b) + 〈hi,wt(b)〉),
(ii) wt(e˜ib) = wt(b) + αi (resp. wt(e˜ib) = wt(b) + αi) if eib ∈ B,
(iii) wt(f˜ib) = wt(b)− αi (resp. wt(f˜ib) = wt(b)− αi) if fib ∈ B,
(iv) εi(e˜ib) = εi(b)− 1, ϕi(e˜ib) = ϕi(b) + 1 if e˜ib ∈ B,
(v) εi(f˜ib) = εi(b) + 1, ϕi(f˜ib) = ϕi(b)− 1 if f˜ib ∈ B,
(vi) f˜ib = b
′
if and only if b = e˜ib
′
for all b, b
′
∈ B, i ∈ I,
(vii) if ϕi(b) = −∞, then e˜ib = f˜ib = 0.
Let B be a U
′
q(g)-crystal. For an element b ∈ B, we define
(1.2)
ε(b) =
∑
i∈I
εi(b)cl(Λi),
ϕ(b) =
∑
i∈I
ϕi(b)cl(Λi).
For simplicity, we will often write Λi for cl(Λi) (i ∈ I). Also we will write
wt(b) for wt(b) when there is no danger of confusion.
Let B1, B2 be Uq(g)-crystals or U
′
q(g)-crystals. The tensor product B1 ⊗
B2 = B1 ×B2 is defined by
(1.3)
wt(b1 ⊗ b2) = wt(b1) + wt(b2),
εi(b1 ⊗ b2) = max(εi(b1), εi(b2)− 〈hi,wt(b1)〉),
ϕi(b1 ⊗ b2) = max(ϕi(b2), ϕi(b1) + 〈hi,wt(b2)〉),
e˜i(b1 ⊗ b2) =
{
e˜ib1 ⊗ b2 if ϕi(b1) ≥ εi(b2),
b1 ⊗ e˜ib2 if ϕi(b1) < εi(b2),
f˜i(b1 ⊗ b2) =
{
f˜ib1 ⊗ b2 if ϕi(b1) > εi(b2),
b1 ⊗ f˜ib2 if ϕi(b1) ≤ εi(b2).
Let B be a U
′
q(g)-crystal. The affinization of B is the Uq(g)-crystal
Baff := {b(m) | b ∈ B, m ∈ Z} ,
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where the Uq(g)-crystal structure is defined by
(1.4)
wt(b(m)) = wt(b) +mδ,
e˜0(b(m)) = (e˜0b)(m+ 1), f˜0(b(m)) = (f˜0b)(m− 1),
e˜i(b(m)) = (e˜ib)(m), f˜i(b(m)) = (f˜ib)(m) for i 6= 0,
εi(b(m)) = εi(b), ϕi(b(m)) = ϕi(b) for i ∈ I,m ∈ Z.
A classical energy function on B is a Z-valued function h : B ⊗ B → Z
satisfying
(1.5)
h(e˜i(b1 ⊗ b2)) = h(b1 ⊗ b2) if i 6= 0,
h(e˜0(b1 ⊗ b2)) =
{
h(b1 ⊗ b2) + 1 if ϕ0(b1) ≥ ε0(b2),
h(b1 ⊗ b2)− 1 if ϕ0(b1) < ε0(b2).
We define the affine energy function H : Baff ⊗Baff → Z associated with
h : B ⊗B → Z by
(1.6) H(b1(m)⊗ b2(n)) = m− n− h(b1 ⊗ b2) for b1, b2 ∈ B, m,n ∈ Z.
Note that
(1.7)
H(e˜i(b1(m)⊗ b2(n))) = H(f˜i(b1(m)⊗ b2(n)))
= H(b1(m)⊗ b2(n)) for all i ∈ I.
Hence H is constant on each connected component of Baff ⊗Baff.
Definition 1.3. Let l be a positive integer. A finite U
′
q(g)-crystal B is called
a perfect crystal of level l if B satisfies the following conditions:
(i) there exists a finite dimensional U
′
q(g)-module with crystal B,
(ii) B ⊗B is connected,
(iii) there is λ ∈ Pcl such that wt(B) ⊂ λ−
∑
i 6=0 Z≥0 αi, #(Bλ) = 1,
(iv) for any b ∈ B, we have 〈c, εi(b)〉 ≥ l,
(v) for each λ ∈ P+
cl
with 〈c, λ〉 = l, there exist uniquely determined
elements bλ and bλ such that ε(b
λ) = ϕ(bλ) = λ.
The elements bλ and bλ are called the minimal vectors.
For a dominant integral weight λ ∈ P+, we denote by B(λ) the crsytal
of V (λ), the irreducible highest weight Uq(g)-module. By the definition of
perfect crystals, we obtain a U
′
q(g)-crystal isomorphism
(1.8)
Ψλ : B(λ)
∼
−→ B(ε(bλ))⊗B
uλ 7−→ uε(bλ) ⊗ bλ,
where uλ denotes the highest weight vector of B(λ). Applying the isomor-
phism (1.8) repeatedly, we get a sequence of U
′
q(g)-crystal isomorphisms
(1.9)
B(λ)
∼
−→ B(λ1)⊗B
∼
−→ B(λ2)⊗B ⊗B
∼
−→ · · ·
uλ 7−→ uλ1 ⊗ b0 7−→ uλ2 ⊗ b1 ⊗ b0 7−→ · · · ,
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where
(1.10)
λ0 = λ, b0 = bλ0 = bλ,
λk+1 = ε(bk), bk+1 = bλk+1 for k ≥ 0.
The infinite sequence bλ = (bk)k≥0 = · · · ⊗ bk⊗· · ·⊗ b1⊗ b0 ∈ B
⊗∞ is called
the ground-state path of weight λ.
An infinite sequence p = (pk)k≥0 ∈ B
⊗∞ is called a λ-path if pk = bk for
k ≫ 0.
Let P(λ) be the set of all λ-paths. By the tensor product rule (1.3), P(λ)
is given a U
′
q(g)-crystal structure. It is proved in [9] that P(λ) provides a
realization of B(λ) as a U
′
q(g)-crystal.
Proposition 1.4. [9] For each λ ∈ P+, there exists a U
′
q(g)-crystal isomor-
phism
(1.11) Φλ : B(λ) −→ P(λ), uλ 7−→ bλ.
Note that the U
′
q(g)-crystal isomorphism (1.8) induces a Uq(g)-crystal em-
bedding
(1.12)
Φaffλ : B(λ) →֒ B(ε(bλ))⊗B
aff,
uλ 7−→ uε(bλ) ⊗ bλ(m) for some m ∈ Z.
Since any affine energy function is constant on each connected compo-
nent of Baff ⊗ Baff, the Uq(g)-crystal B(λ) is isomorphic to any connected
component of (Baff)⊗∞ containing an affine ground-state path of weight λ
(1.13) baffλ (m) = (b
aff
λ (mk))k≥0 = · · · ⊗ bk(mk)⊗ · · · ⊗ b1(m1)⊗ b0(m0)
for some sequence m = (mk)k≥0 of integers such that
(1.14) mk = m0 +
k−1∑
j=0
h(bj+1 ⊗ bj),
where bλ = (bk)k≥0 is the ground-state path of weight λ and h : B⊗B → Z
is a classical energy function on B. Therefore, we obtain a Uq(g)-crystal
isomorphism
(1.15) B(λ)
∼
−→ Paff(λ,m),
where the Uq(g)-crystal P
aff(λ,m) consists of affine λ-paths
p = (pk(nk))k≥0 ∈ (B
aff)⊗∞
satisfying the conditions
(i) m = (mk)k≥0 is a sequence of integers satisfying (1.14),
(ii) pk(nk) = bk(mk) for k ≫ 0,
(iii) H(pk+1(nk+1)⊗ pk(nk)) = H(bk+1(mk+1)⊗ bk(mk)) for all k ≥ 0.
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2. A
(2)
2 -type adjoint crystals
From now on, we focus on the quantum affine algebra Uq(A
(2)
2 ) associated
with the affine Cartan matrix A =
(
2 −4
−1 2
)
. In this case, we have c =
h0 + 2h1, δ = 2α0 + α1.
Fix a positive integer l, and set
(2.1) Bad = {(x, y) ∈ Z≥0 × Z≥0 | 0 ≤ x+ y ≤ l} .
Define a U
′
q(A
(2)
2 )-crystal structure on Bad by
(2.2)
wt(x, y) = 2(y − x)Λ0 + (x− y)Λ1,
ε1(x, y) = y, ϕ1(x, y) = x,
ε0(x, y) = l − 2y + |x− y| ,
ϕ0(x, y) = l − 2x+ |x− y| ,
e˜1(x, y) = (x+ 1, y − 1),
f˜1(x, y) = (x− 1, y + 1),
e˜0(x, y) =
{
(x− 1, y) if x > y,
(x, y + 1) if x ≤ y,
f˜0(x, y) =
{
(x+ 1, y) if x ≥ y,
(x, y − 1) if x < y,
whenever e˜i, f˜i (i = 0, 1) send non-zero vectors to non-zero vectors. Other-
wise, we define e˜ib = f˜ib = 0 for b ∈ Bad. Then it was shown in [7] that Bad
is a A
(2)
2 -type perfect crystal of level l with minimal vectors
(2.3) bλ = bλ = (a, a) for λ = (l − 2a)Λ0 + aΛ1.
The U
′
q(A
(2)
2 )-crystal Bad is called the A
(2)
2 -type adjoint crystal of level l.
Example 2.1. When l = 4, the description of Bad is given below.
(4,0) (3,1) (2,2) (1,3) (0,4)
(3,0) (2,1) (1,2) (0,3)
(2,0) (1,1) (0,2)
(1,0) (0,1)
(0,0)
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The dotted ones are minimal vectors:
b4Λ0 = b4Λ0 = (0, 0),
b2Λ0+Λ1 = b2Λ0+Λ1 = (1, 1),
b2Λ1 = b2Λ1 = (2, 2).
For λ = (l − 2a)Λ0 + aΛ1 (0 ≤ a ≤ ⌊
l
2⌋), by (1.8), we obtain a U
′
q(A
(2)
2 )-
crystal isomorphism
(2.4)
Ψλ : B(λ)
∼
−→ B(λ)⊗Bad
uλ 7−→ uλ ⊗ (a, a),
which yields a path realization
(2.5)
B(λ)
∼
−→ P(λ) =
{
p = (xk, yk)k≥0 ∈ B
⊗∞
ad
| (xk, yk) = (a, a) for k ≫ 0
}
.
Define a function h : Bad ⊗Bad → Z by
(2.6)
h((x1, y1)⊗ (x2, y2))
= max
{
(x1 + y1)− (x2 + y2), (x2 + y2)− (x1 + y1),
(x2 + y2) + (y1 − 3x1), (x1 + y1) + (x2 − 3y2)
}
.
Proposition 2.2. [7] The function h : Bad ⊗ Bad → Z given by (2.6) is a
classical energy function on Bad. In particular, h((a, a) ⊗ (a, a)) = 0.
For λ = (l − 2a)Λ0 + aΛ1, let
baffλ = (bk(mk))k≥0 = ((a, a)(mk))k≥0
be the affine ground-state path with m0 = 0. Then, by (1.14), mk = 0
for all k ≥ 0. Hence the Uq(A
(2)
2 )-crystal P
aff(λ) consists of affine λ-paths
p = ((xk, yk)(−mk)) with xk, yk,mk ∈ Z≥0 such that
(i) (xk, yk)(−mk) = (a, a)(0) for k ≫ 0,
(ii) H((xk+1, yk+1)(−mk+1)⊗ (xk, yk)(−mk)) = 0 for all k ≥ 0.
Note that the condition (ii) is equivalent to
(2.7)
mk−mk+1 = max
{
(xk+1 + yk+1)− (xk + yk), (xk + yk)− (xk+1 + yk+1),
(xk + yk) + (yk+1 − 3xk+1), (xk+1 + yk+1) + (xk − 3yk)
}
.
3. Young wall model for Bad
In this section, we construct a Young wall model associated with Bad.
The colored blocks of the following shapes will be used for this Young wall
model.
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0 , 1 : unit width, unit height, half-unit thickness,
0
,
1
: unit width, half-unit height, unit thickness.
We will use the following notations (see, for instance, [3, 6]).
* = *
, * = * .
We now explain how to construct our Young wall model for Bad.
(1) The colored blocks should be stacked in the following pattern.
0
1
1
1
..
.
1
0
0
0
..
.
0
1
1
1
1
0
0
1
1
0
..
.
..
.
l − 1
l − 1
Here l is the level of Bad.
(2) We identify the following columns (1 ≤ k ≤ l − 1), which will play
a crucial role in our construction.
(3.1)
1
0
0
0
..
.
0
0
1
1
1
..
.
k
=
0
1
1
1
..
.
1
1
0
0
0
..
.
l − k
(3) No blocks of unit thickness can be stacked on top of blocks of half-
unit thickness.
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(4) We stack 0-blocks one-by-one and we stack two 1-blocks successively
taking the identification (3.1) into account.
(5) Under the identification (3.1), we can stack the blocks of half-unit
thickness in the front repeatedly, but not in the back more than
once. Hence a column thus obtained has one of the following forms.
(3.2)
1
0
0
0
..
.
0
0
..
.
0
0
1
1
..
.
0
1
1
1
..
.
1
1
..
.
1
1
0
0
..
.
0
1
1
1
..
.
1
1
0
0
0
..
.
1
0
0
0
..
.
0
0
1
1
1
..
.
Let C be a column with one of the above forms. We define f˜0C to be the
column obtained by stacking a 0-block on top of C. If there is no place to
stack a 0-block, we define f˜0C = 0.
On the other hand, we define e˜0C to be the column obtained by removing
a 0-block from the top of C. If there is no 0-block that can be removed, we
define e˜0C = 0.
We now define f˜1C to be the column obtained by stacking two 1-blocks
successively on top of C taking the identification (3.1) into account. If there
is no such place, we define f˜1C = 0.
On the other hand, we define e˜1C to be the column obtained by removing
two 1-blocks successively from the top of C under the identification (3.1). If
there is no such place, we define e˜1C = 0.
Thus, with the operators e˜i, f˜i (i = 0, 1), we obtain a Young wall model
for Bad.
Example 3.1. The following figure gives our Young wall model for the level
4 adjoint crystal Bad.
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0
0
0
0
0
..
.
1
0
0
0
0
0
1
1
..
.
1
0
0
0
1
1
1
1
..
.
1
0
0
1
1
1
1
1
..
.
1
1
1
1
1
1
..
.
0 0 0 0
1
0
0
0
0
0
..
.
1 1
0
0
0
0
0
1
1
..
.
1 0
0
1
1
1
1
1
0
..
.
1
1
1
1
1
1
0
..
.
0 0 0 0
0 0
1
1
0
0
0
0
0
..
.
1
1
1
0
0
0
0
0
1
1
..
.
=
(3.1)
0
0
1
1
1
1
1
0
0
..
.
1
1
1
1
1
1
0
0
..
.
1
1
1
0
0
0
0
0
..
.
1
1
1
1
1
1
0
0
0
..
.
0 0
1
1
1
1
1
0
1
0
0
..
.
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Note that we also use the identification (3.1) to draw the circled 1-arrows.
The minimal vectors are
b4Λ0 = b4Λ0 =
1
1
1
1
1
0
0
0
0
..
.
b2Λ0+Λ1 = b2Λ0+Λ1 =
1
1
0
0
0
0
0
1
1
..
.
=
0
0
1
1
1
1
1
0
0
..
.
b2Λ1 = b2Λ1 =
0
0
0
0
0
1
1
1
1
..
.
For a dominant integral weight λ = (l − 2a)Λ0 + aΛ1 (0 ≤ a ≤ ⌊
l
2⌋), the
basic ground-state column of weight λ is defined as follows:
(i) a = 0:
1
1
..
.
1
0
0
0
..
.
l − 1
(ii) 0 < a < ⌊ l2⌋:
0
0
..
.
0
1
1
1
..
.
2a
=
1
1
..
.
1
0
0
0
..
.
l − 2a
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(iii) a = l2 , l even:
0
0
..
.
0
1
1
1
..
.
l − 1
The horizontal lines in the above figure are called the lines of height 0, where
we begin to stack blocks.
The following sets of blocks, consisting of two 0-blocks and two 1-blocks,
are called the δ-blocks.
0
0
1
1
,
1
1
0
0
,
1
1
0
0
,
0
0
1
1
,
0
0
1
1
,
1
1
0
0
A column of our Young wall model is called a ground-state column of
weight λ if it can be obtained from the basic ground-state column of weight
λ by adding or removing some δ-blocks.
When λ = 2Λ0+Λ1, the basic ground-state column and other ground-state
columns are given below.
0
0
1
1
..
.
1
1
0
0
..
.
1
0
1
1
..
.
1
1
0
0
..
.
1
1
0
0
..
.
+δ
−δ
+δ
−δ
Let C be a column of our level l Young wall model for Bad and let G
be the column consisting of blocks below the line of height 0. Then G is a
ground-state column. Let Z denote the topmost basic ground-state column
of weight lΛ0 contained in C. We define
s = s(C) = the number of 0-blocks in C above G,
t = t(C) = the number of 1-blocks in C above G,
s¯ = s¯(C) = the number of 0-blocks in C above Z,
t¯ = t¯(C) = the number of 1-blocks in C above Z.
Note that s− s¯ = t− t¯ and that t and t¯ are even. (Thus s− s¯ is also even.)
When s = t, we have s¯ = t¯, but they may have two different values under
the identification (3.1). In this case, we take the smaller value for s¯ = t¯.
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Example 3.2. Let λ = 2Λ0 + Λ1.
(a) Let C =
0
0
0
0
0
1
1
1
1
1
1
1
1
0
..
.
Z
G
.
Then s = 3, t = 6, s¯ = 5, t¯ = 8.
(b) Let C =
1
1
1
1
1
0
0
0
0
0
0
0
..
.
G
Z
.
Then s = 5, t = 2, s¯ = 3, t¯ = 0.
(c) Let C =
1
0
0
0
0
0
1
1
1
0
1
1
1
0
0
..
.
Z
G
=
0
1
1
1
1
1
0
0
0
1
0
0
0
1
1
..
.
G
Z
.
Then s = 4, t = 4. But under the identification (3.1), we have two
possibilities: s¯ = t¯ = 6 or s¯ = t¯ = 2. In this case, we take the smaller values
s¯ = t¯ = 2.
Let C be a column of our Young wall model for Bad. Then C is uniquely
determined by s, t, s¯ and t¯. Since s− s¯ = t− t¯, we have only to use s, s¯ and
YOUNG WALL MODEL FOR A
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t¯. Hence we will write
C = 〈s, t, s¯, t¯〉 = 〈s, s¯, t¯〉.
Let C be the set of all columns of our Young wall model for the level l adjoint
crystal Bad and let
Baff≤0 = {(x, y)(−m) | x, y,m ∈ Z≥0} .
Proposition 3.3. There is a Uq(A
(2)
2 )-crystal isomorphism Ψ : C
∼
→ Baff≤0
defined by
(3.3) Ψ(〈s, s¯, t¯〉) =
{(
s¯− 12 t¯,
1
2 t¯
)
(−s) if s¯ ≥ t¯,(
l − 12 t¯, l − s¯+
1
2 t¯
)
(−s) if s¯ < t¯.
The inverse homomorphism is given by
(3.4) Φ((x, y)(−m)) =
{
〈m,x+ y, 2y〉 if x ≥ y,
〈m, 2l − (x+ y), 2(l − x)〉 if x < y.
Proof. It is easy to see that Ψ and Φ are inverses to each other. Moreover,
it is straightforward to verify that they commute with e˜i and f˜i (i = 0, 1)
whenever all the maps involved send non-zero vectors to non-zero vectors.
For instance, if s¯ ≥ t¯, we have
Ψ(f˜0(〈s, s¯, t¯〉)) = Ψ(〈s+ 1, s¯ + 1, t¯〉) =
(
s¯+ 1−
1
2
t¯,
1
2
t¯
)
(−s− 1),
whereas
f˜0Ψ(〈s, s¯, t¯〉) = f˜0
((
s¯−
1
2
t¯,
1
2
t¯
)
(−s)
)
=
(
s¯−
1
2
t¯+ 1,
1
2
t¯
)
(−s− 1),
as expected. 
Let C = 〈s, t, s¯, t¯〉 and C
′
= 〈s′, t′, s¯′, t¯′〉 be columns of our level l Young
wall model. Using the isomorphism (3.3), we may rewrite the affine energy
function H on Baff≤0 as
(3.5) H(Ψ(C)⊗Ψ(C ′)) = −s+ s′ − h(C,C ′),
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where
(3.6)
h(C,C ′) =


max
(
s¯− s¯′, s¯+ s¯′ − 2t¯′,
s¯′ − s¯, s¯′ − 3s¯ + 2t¯
)
if s¯ ≥ t¯, s¯′ ≥ t¯′,
max
(
s¯+ s¯′ − 2l, 2l − 3s¯ − s¯′ + 2t¯,
2l − s¯− s¯′,−2l + s¯+ 3s¯′ − 2t¯′
)
if s¯ ≥ t¯, s¯′ < t¯′,
max
(
2l − s¯− s¯′,−2l − s¯+ s¯′ + 2t¯,
− 2l + s¯+ s¯′, 2l − s¯+ s¯′ − 2t¯′
)
if s¯ < t¯, s¯′ ≥ t¯′,
max
(
s¯− s¯′,−s¯− s¯′ + 2t¯,
s¯′ − s¯,−s¯+ 3s¯′ − 2t¯′
)
if s¯ < t¯, s¯′ < t¯′.
We will often write H(C ⊗ C
′
) for H(Ψ(C)⊗ ψ(C ′)).
Definition 3.4. Let Y = (Yk)k≥0 be an infinite sequence of columns of our
Young wall model.
(a) The sequence G = (Gk)k≥0 consisting of the blocks below the line of
height 0 in Y is called the ground-state wall of Y .
(b) G is called the basic ground-state wall of Y if Gk is the basic ground-
state column for all k ≥ 0.
Definition 3.5. (a) An infinite sequence Y = (Yk)k≥0 of columns of our
Young wall model is called a Young wall on λ ∈ P+ if
(i) Yk is the basic ground-state column of weight λ for k ≫ 0.
(ii) H(Yk+1 ⊗ Yk) ≥ 0 for all k ≥ 0.
(b) A Young wall Y = (Yk)k≥0 is called reduced if H(Yk+1 ⊗ Yk) = 0 for
all k ≥ 0.
Example 3.6. To determine whether an infinite sequence of columns is
a (reduced) Young wall or not, we have only to check the conditions for
adjacent columns. We will give several examples of the tensor product of
two columns when λ = 2Λ0 + Λ1. The shaded part indicates the basic
ground-state column.
(a) Let C ⊗C
′
=
0
0
0
0
1
1
1
1
1
1
0
0
0
0
1
1
1
1
..
.
..
.
.
Then s = 0, t = 2, s¯ = 4, t¯ = 6 and s′ = 2, t′ = 2, s¯′ = 4, t¯′ = 4. By
(3.5) and (3.6), we have H(C ⊗ C
′
) = −2. Hence C ⊗ C
′
does not satisfy
the conditions for Young walls.
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(b) Let C ⊗C
′
=
0
0
0
0
1
1
1
1
1
1
0
0
0
0
1
1
1
1
1
1
0
..
.
..
.
.
Then s = 0, t = 2, s¯ = 4, t¯ = 6 and s′ = 3, t′ = 4, s¯′ = 5, t¯′ = 6. By (3.5)
and (3.6), we have H(C ⊗C
′
) = 0 and hence C ⊗C
′
satisfies the conditions
for reduced Young walls.
(c) Let C ⊗C
′
=
0
0
0
0
1
1
1
1
1
1
0
0
0
0
1
1
1
1
1
1
1
1
0
0
..
.
..
.
.
Then s = 0, t = 2, s¯ = 4, t¯ = 6 and s′ = 4, t′ = 6, s¯′ = 6, t¯′ = 8. In this
case, we have H(C ⊗ C
′
) = 2 and hence C ⊗ C
′
satisfies the conditions for
(non-reduced) Young walls.
(d) Let C ⊗C
′
=
0
0
0
0
1
1
1
1
1
1
1
1
1
1
0
0
0
0
0
0
0
1
1
..
.
..
.
.
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Then s = 0, t = 2, s¯ = 4, t¯ = 6 and s′ = 6, t′ = 4, s¯′ = 4, t¯′ = 2.
In this case, H(C ⊗ C
′
) = 2 and hence C ⊗ C
′
satisfies the conditions for
(non-reduced) Young walls.
4. Crystal structure
Let Y(λ) and R(λ) be the set of Young walls and reduced Young walls,
respectively. In this section, we describe the combinatorics of Young walls
which would provide crystal structures on Y(λ) and R(λ). To this end, we
first define the action of Kashiwara operators E˜i, F˜i (i = 0, 1).
Definition 4.1. Let Y = (Yk)k≥0 be a Young wall.
(a) A 0-block in Y is called removable if it can be removed from Y to get
a Young wall.
(b) A slot in Y is called 0-admissible if one can add a 0-block on Y to
obtain a Young wall.
(c) A pair of 1-blocks in a column of Y is called removable if these two
blocks can be removed successively from Y , under the identification (3.1), to
obtain a Young wall.
(d) A pair of 1-slots in a column of Y is called 1-admissible if one can
add two 1-blocks successively on these slots, under the identification (3.1),
to obtain a Young wall.
To each column Yk of Y = (Yk)k≥0, we assign a sequence of −’s and +’s
from left to right with as many −’s as the number of removable 0-blocks (resp.
removable 1-pairs) followed by as many +’s as the number of 0-admissible
slots (resp. 1-admissible pairs). This sequence is called the 0-signature (resp.
1-signature) of Yk. Thus we get an infinite sequence of i-signatures (i = 0, 1).
Cancel out all (+,−)-pairs in this sequence. Then we obtain a finite sequence
of −’s followed by +’s, which is called the i-signature of Y (i = 0, 1).
We define E˜0Y (resp. E˜1Y ) to be the Young wall obtained by removing
a 0-block (resp. a pair of 1-blocks) from the column of Y that corresponds
to the rightmost − in the 0-signature (resp. 1-signature) of Y . If there is no
− in the i-signature of Y , we define E˜iY = 0 (i = 0, 1).
On the other hand, we define F˜0Y (resp. F˜1Y ) to be the Young wall
obtained by adding a 0-block (resp. a pair of 1-blocks) to the column of Y
that corresponds to the leftmost + in the 0-signature (resp. 1-signature). If
there is no + in the i-signature of Y , we define F˜iY = 0 (i = 0, 1).
The operators E˜i, F˜i (i = 0, 1) are called the Kashiwara operators on
Young walls.
Example 4.2. Let λ = 2Λ0 + Λ1 and let
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Y =
· · ·
0
0
1
1
0
0
1
1
0
0
1
1
0
0
1
1
1
1
1
1
0
0
0
1
1
1
1
0
0
0
0
0
1
1
1
0
0
0
1
1
1
0
..
.
..
.
..
.
..
.
..
.
= · · · 0
0
0
0
1
1
1
1
..
.
..
.
=
G
⊗ 0
0
1
1
..
.
=
Y2
⊗
0
0
1
1
1
1
1
1
0
0
0
..
.
=
Y1
⊗
1
1
1
1
0
0
0
0
0
1
1
1
0
0
0
1
1
1
0
..
.
=
Y0
be a Young wall, where G is the basic ground-state wall of weight λ. Then
it is lengthy but straightforward to calculate the signatures of Y2, Y1 and Y0:
0-signature of Y2 = +,
0-signature of Y1 = −−++++,
0-signature of Y0 = +++,
1-signature of Y2 = +,
1-signature of Y1 = −,
1-signature of Y0 = −−+.
Let us verify some of the above calculations. We first focus on the 0-
signature of Y1. Remove two 0-blocks from Y1 to get
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Y
′
1 =
0
0
1
1
1
1
1
1
0
..
.
.
Then we have
s2 = 0, t2 = 0, s¯2 = 2, t¯2 = 2,
s
′
1 = 1, t
′
1 = 4, s¯
′
1 = 5, t¯
′
1 = 8,
s0 = 7, t0 = 8, s¯0 = 5, t¯0 = 6,
which implies
H(Y2 ⊗ Y
′
1) = 0, H(Y
′
1 ⊗ Y0) = 0.
It follows that Y ′ = G⊗ Y2 ⊗ Y
′
1 ⊗ Y0 is a Young wall.
However, if we remove three 0-blocks from Y1, then we get
Y
′′
1 =
0
0
1
1
1
1
1
1
..
.
and
s2 = 0, t2 = 0, s¯2 = 2, t¯2 = 2,
s
′′
1 = 0, t
′′
1 = 4, s¯
′′
1 = 4, t¯
′′
1 = 8,
s0 = 7, t0 = 8, s¯0 = 5, t¯0 = 6.
Thus
H(Y2 ⊗ Y
′′
1 ) = −2,
which implies Y
′′
= G⊗Y2⊗Y
′′
1 ⊗Y0 is not a Young wall. Therefore, we can
remove at most two 0-blocks from Y1 and there are two −’s in the 0-signature
of Y1.
Now we consider the 1-signature of Y0. Add a pair of 1-blocks on Y0
successively to obtain
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Y
′
0 =
1
1
1
1
0
0
0
0
0
1
1
1
1
1
0
0
0
1
1
1
0
..
.
.
Then
s1 = 3, t1 = 4, s¯1 = 7, t¯1 = 8,
s
′
0 = 7, t
′
0 = 10, s¯
′
0 = 5, t¯
′
0 = 8,
and hence
H(Y1 ⊗ Y
′
0) = 0.
Therefore Y
′
= G⊗Y2⊗Y1⊗Y
′
0 is a Young wall. However, there is no place
to add more 1-blocks. Thus we conclude there is one + in the 1-signature of
Y0.
Similarly, one can verify the other signatures.
Therefore, after canceling out all (+,−)-pairs, we see that the 0-signature
of Y is (−+++++++) with + in Y1 and the 1-signature of Y is (−−+)
with − in Y0. Hence we obtain
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F˜0Y =
· · ·
0
0
1
1
0
0
1
1
0
0
1
1
0
0
1
1
1
1
1
0
1
0
0
0
1
1
1
1
0
0
0
0
0
1
1
1
0
0
0
1
1
1
0
..
.
..
.
..
.
..
. ..
.
,
E˜1Y =
· · ·
0
0
1
1
0
0
1
1
0
0
1
1
0
0
1
1
1
1
1
1
0
0
0
0
0
1
1
1
1
1
0
0
0
0
1
0
0
0
1
1
..
.
..
.
..
.
..
. ..
.
.
Note that we use the identification (3.1) when we compute E˜1Y .
For a Young wall Y , we define
wt(Y ) = λ− k0 −
1
2
k1α1,
where ki is the number of i-blocks above the ground-state wall of Y and let
εi(Y ) (resp. ϕi(Y )) be the number of −’s (resp. +’s) in the i-signature of Y
(i = 0, 1).
Recall the isomorphism Ψ : C → Baff≤0 defined in (3.3), which induces an
injective morphism
Ψ : Y(λ) ∪ {0} → (Baff≤0)
⊗∞ ∪ {0}
such that
(4.1)
0 7−→ 0
Y = (Yk)k≥0 7−→ · · · ⊗Ψ(Yk)⊗ · · · ⊗Ψ(Y1)⊗Ψ(Y0).
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The following lemma is one of key ingredients of our construction.
Lemma 4.3. Let Y = (Yk)k≥0 be a Young wall. Then for i = 0, 1, we have
(a) ϕi(Yk+1)− εi(Yk) = ϕi(Ψ(Yk+1))− εi(Ψ(Yk)) for all k ≥ 0,
(b) Ψ(E˜iY ) = e˜iΨ(Y ) if E˜iY 6= 0,
(c) Ψ(F˜iY ) = f˜iΨ(Y ) if F˜iY 6= 0.
Proof. To simplify the notation, we write uk = Ψ(Yk) for k ≥ 0. Recall that
the morphism Ψ : C → Baff≤0 commutes with e˜i, f˜i (i = 0, 1) whenever all the
maps involved send non-zero vectors to non-zero vectors. Hence
ϕi(Yk) ≤ ϕi(uk), εi(Yk) ≤ εi(uk) for all k ≥ 0.
Moreover, one can easily verify that
H(Yk+1 ⊗ f˜iYk) ≥ H(Yk+1 ⊗ Yk)
H(e˜iYk+1 ⊗ Yk) ≥ H(Yk+1 ⊗ Yk)
for all k ≥ 0. It follows that
(4.2)
ϕi(Yk+1) = max
{
0 ≤ l ≤ ϕi(uk+1) | H(f˜
l
iYk+1 ⊗ Yk) ≥ 0
}
,
εi(Yk) = max
{
0 ≤ l ≤ εi(uk) | H(Yk+1 ⊗ e˜
l
iYk) ≥ 0
}
.
Suppose ϕi(uk+1) > εi(uk). Then, for 0 ≤ l ≤ εi(uk), using the tensor
product rule, we have
uk+1 ⊗ e˜
l
iuk
i
−→ · · ·
i
−→ f˜
ϕi(uk+1)−εi(uk)+l
i uk+1 ⊗ e˜
l
iuk
−→ · · · −→ f˜
ϕi(uk+1)−εi(uk)+l
i uk+1 ⊗ f˜
l
i e˜
l
iuk
= f˜
ϕi(uk+1)−εi(uk)+l
i uk+1 ⊗ uk.
Therefore we obtain
(4.3) H(uk+1 ⊗ e˜
l
iuk) = H(f˜
ϕi(uk+1)−εi(uk)+l
i uk+1 ⊗ uk)
for 0 ≤ l ≤ εi(uk).
Set l = εi(uk). Then (4.2) and (4.3) yield
0 ≤ H(Yk+1 ⊗ e˜
εi(Yk)
i Yk) = H(f˜
ϕi(uk+1)−εi(uk)+εi(Yk)
i Yk+1 ⊗ Yk),
from which we obtain
(4.4) ϕi(uk+1)− εi(uk) + εi(Yk) ≤ ϕi(Yk+1).
If εi(Yk) = εi(uk), then (4.4) gives ϕi(uk+1) ≤ ϕi(Yk+1). Thus ϕi(Yk+1) =
εi(uk+1) and we are done.
If εi(Yk) < εi(uk), set l = εi(Yk) + 1. Then by (4.2), we have
0 > H(Yk+1 ⊗ e˜
εi(Yk)+1
i Yk) = H(f˜
ϕi(uk+1)−εi(uk)+εi(Yk)+1
i Yk+1 ⊗ Yk).
Hence we have
ϕi(uk+1)− εi(uk) + εi(Yk) + 1 > ϕi(Yk+1),
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which implies
ϕi(uk+1)− εi(uk) + εi(Yk) ≥ ϕi(Yk+1).
Combined with (4.4), we conclude
ϕi(Yk+1)− εi(Yk) = ϕi(uk+1)− εi(uk)
as desired.
The other cases can be checked by a similar calculation.
(b) By (a), we have
F˜iY = · · · ⊗ Yk+1 ⊗ f˜iYk ⊗ Yk−1 ⊗ · · · ⊗ Y0
if and only if
f˜iΨ(Y ) = · · · ⊗Ψ(Yk+1)⊗ f˜iΨ(Yk)⊗Ψ(Yk−1)⊗ · · · ⊗Ψ(Y0).
Therefore, for i = 0, 1, we have
Ψ(F˜iY ) = · · · ⊗Ψ(Yk+1)⊗Ψ(f˜iYk)⊗Ψ(Yk−1)⊗ · · · ⊗Ψ(Y0)
= · · · ⊗Ψ(Yk+1)⊗ f˜iΨ(Yk)⊗Ψ(Yk−1)⊗ · · · ⊗Ψ(Y0)
= f˜iΨ(Y ).
The statement (c) is an immediate consequence of (b). 
Remark. The argument of our proof applies to any case as long as we have
a crystal isomorphism Ψ : C → Baff≤0, where B is a perfect crystal and C is
the set of all columns of a Young wall model for B.
Now, let λ = (l − 2a)Λ0 + aΛ1 be a dominant integral weight of level l.
We first prove:
Proposition 4.4. The set Y(λ) of Young walls on λ forms a Uq(A
(2)
2 )-
crystal.
Proof. Let Y = (Yk)k≥0 = 〈sk, s¯k, t¯k〉k≥0 be a Young wall. We have only to
check
〈hi,wt(Y )〉 = ϕi(Y )− εi(Y ) for i = 0, 1.
Recall that
Ψ(Yk) = Ψ(〈sk, s¯k, t¯k〉) =
{
(s¯k −
1
2 t¯k,
1
2 t¯k)(−sk) if s¯k ≥ t¯k,
(l − 12 t¯k, l − s¯k +
1
2 t¯k)(−sk) if s¯k < t¯k.
Then
wtΨ(Yk) = 2(t¯k − s¯k)Λ0 + 2(s¯k − t¯k)Λ1 − skδ = −skα0 −
1
2
tkα1.
Let N be the smallest non-negative integer such that Yk is the basic
ground-state column for all k ≥ N . Then
wtΨ(Y ) = λ−
N−1∑
k=0
(skα0 +
1
2
tkα1)
= λ− k0α0 −
1
2
k1α1 = wt(Y ),
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where ki is the number of i-blocks above the ground-state wall of Y . Hence
by Lemma 4.3, we have
〈hi,wt(Y )〉 = 〈hi,wtΨ(Y )〉
= 〈hi,
∑
k≥0
wtΨ(Yk)〉
=
∑
k≥0
〈hi,wtΨ(Yk)〉
=
∑
k≥0
(ϕi(Ψ(Yk))− εi(Ψ(Yk)))
=
∑
k≥0
(ϕi(Yk)− εi(Yk)) = ϕi(Y )− εi(Y ),
which proves our claim. 
Next, we will show that the set R(λ) of reduced Young walls on λ provides
a realization of the Uq(A
(2)
2 )-crystal B(λ).
Theorem 4.5. The injective morphism Ψ : Y(λ) → (Baff≤0)
⊗∞ induces a
Uq(A
(2)
2 )-crystal isomorphism
Ψ : R(λ)
∼
−→ Paff(λ,0) sending Yλ 7→ b
aff
λ ,
where 0 = (· · · , 0, · · · , 0), Yλ is the basic ground-state wall of weight λ and
baffλ = (· · · , (a, a)(0), · · · , (a, a)(0))
is the affine ground-state path of weight λ in Paff(λ,0).
In particular, we have a Uq(A
(2)
2 )-crystal isomorphism
R(λ)
∼
−→ B(λ) sending Yλ 7→ uλ.
Proof. Let Y = (Yk)k≥0 be a reduced Young wall on λ. Assume that F˜iY 6= 0
and F˜i acts on the column Yk by f˜i (i = 0, 1). That is, ϕi(Yk+1) ≤ ε(Yk),
ϕi(Yk) > ε(Yk−1) and
F˜iY = · · · ⊗ Yk+1 ⊗ f˜iYk ⊗ Yk−1 ⊗ · · ·Y0.
Since Y is reduced, we have
H(Yk+1 ⊗ f˜iYk) = H(f˜i(Yk+1 ⊗ Yk))
= H(Yk+1 ⊗ Yk) = 0,
H(f˜iYk ⊗ Yk−1) = H(f˜i(Yk ⊗ Yk−1))
= H(Yk ⊗ Yk−1) = 0.
Hence Y and F˜iY belongs to the same connected component, which im-
plies F˜iY ∈ R(λ).
By a similar argument, one can show that if E˜iY 6= 0, then E˜iY ∈ R(λ).
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Since Ψ maps Yλ to b
aff
λ , by Lemma 4.3, Ψ induces a Uq(A
(2)
2 )-crystal
isomorphism R(λ)
∼
−→ Paff(λ,0). 
Example 4.6. Let λ = 2Λ0+Λ1. We illustrate part of the Uq(A
(2)
2 )-crystal
R(λ).
0
0
0
1
1
0
0
1
1
1
1
1
0
1
0
0
0
1
1
1
1
0
0
0
0
0
1
1
1
0
0
0
1
1
1
0
..
.
..
.
..
.
0
0
0
1
1
0
0
1
1
1
1
1
1
0
0
0
1
1
1
1
0
0
0
0
0
1
1
1
1
1
0
0
0
1
1
1
0
..
.
..
.
..
.
0
0
0
1
1
0
0
1
1
1
1
1
1
0
0
0
1
1
1
1
0
0
0
0
0
1
1
1
0
0
0
1
1
1
0
..
.
..
.
..
.
0 1
0
0
0
1
1
..
.
1
1
1
1
0
0
..
.
· · ·
···
Yλ =
0
0
1
1
..
.
0 1
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5. Young walls for B(∞)
Let B = Z× Z. We define a U
′
q(A
(2)
2 )-crystal structure on B by
(5.1)
wt(x, y) = 2(y − x)Λ0 + (x− y)Λ1,
ε1(x, y) = y, ϕ1(x, y) = x,
ε0(x, y) = −2y + |x− y| ,
ϕ0(x, y) = −2x+ |x− y| ,
e˜1(x, y) = (x+ 1, y − 1),
f˜1(x, y) = (x− 1, y + 1),
e˜0(x, y) =
{
(x− 1, y) if x > y,
(x, y + 1) if x ≤ y,
f˜0(x, y) =
{
(x+ 1, y) if x ≥ y,
(x, y − 1) if x < y.
Let Bl be the level l adjoint crystal. For λ = (l − 2a)Λ0 + aΛ1 (0 ≤ a ≤
⌊ l2⌋), let Tλ = {tλ} be the crystal with the maps
wt(tλ) = λ, εi(tλ) = ϕi(tλ) = −∞,
e˜i(tλ) = f˜i(tλ) = 0 for i = 0, 1.
As in [7], {Bl | l ≥ 1} is a coherent family with the limit B, where the
inductive system is given by
fl,(a,a) : Tλ ⊗Bl ⊗ T−λ −→ B
tλ ⊗ (x, y)⊗ t−λ 7−→ (x− a, y − a).
Thus by the same argument given in [7], we have the path realization
(5.2) B(∞)
∼
−→ P(∞) as U
′
q(A
(2)
2 )-crystals,
where P(∞) is the set of ∞-paths p = (xk, yk)k≥0 such that
(i) xk, yk ∈ Z for all k ≥ 0,
(ii) (xk, yk) = (0, 0) for k ≫ 0.
As is the case with Bad, we define a classical energy function h : B⊗B → Z
by the formula (2.6) and let H : Baff⊗Baff → Z be the affine energy function
associated with h. Then we have a Uq(A
(2)
2 )-crystal isomorphism
(5.3) B(∞)
∼
−→ Paff(∞),
where Paff(∞) is the set of all affine ∞-paths p = ((xk, yk)(−mk))k≥0 such
that
(i) xk, yk ∈ Z, mk ∈ Z≥0 for all k ≥ 0,
(ii) (xk, yk)(−mk) = (0, 0)(0) for k ≫ 0,
(iii) H((xk+1, yk+1)(−mk+1)⊗ (xk, yk)(−mk)) = 0 for all k ≥ 0.
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Now we construct a Young wall model for the (level ∞) adjoint crystal B.
We only use the colored blocks of half-unit thickness:
0 , 1
The rules and patterns for the Young wall model is explained below.
(1) The colored blocks will be stacked in the following way.
0
0
0
0
0
1
1
1
1
1
..
.
..
.
or
1
1
1
1
1
0
0
0
0
0
..
.
..
.
.
The horizontal lines are called the standard lines.
(2) We identify the following columns:
(5.4)
0
0
0
0
1
1
1
1
..
.
..
. k
=
1
1
0
0
..
.
..
. k
1
1
1
0
0
0
..
.
..
. k
=
0
0
1
1
..
.
..
. k
(3) We stack 0-blocks one-by-one and we stack two 1-blocks successively
taking the identification (5.4) into account.
(4) Under the identification (5.4), we can stack the blocks in the front
repeatedly, but not in the back unless there are blocks in the front
with the same height.
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(5) The basic ground-state column is defined to be
0
0
1
1
..
.
=
1
1
0
0
..
.
.
A column obtained from the basic ground-state column by adding or re-
moving some δ-blocks is called a ground-state column.
Let G be a ground-state column and let C be a column obtained by
stacking finitely many blocks on G. Let Z be the basic ground-state column.
We define
(5.5)
s = s(C) = the number of 0-blocks in C above G,
t = t(C) = the number of 1-blocks in C above G,
s¯ = s¯(C) =
{
the number of 0-blocks in C above Z if C lies above Z,
−(the number of 0-blocks in Z above C if Z lies above C),
t¯ = t¯(C) =
{
the number of 1-blocks in C above Z if C lies above Z,
−(the number of 1-blocks in Z above C if Z lies above C).
Example 5.1.
(i) Let C =
1
1
1
1
1
1
0
0
0
0
..
. Z
G
.
Then s = 2, t = 4, s¯ = 4, t¯ = 6.
(ii) Let C =
0
0
0
0
0
0
0
1
1
1
1
..
. G
Z
.
Then s = 7, t = 4, s¯ = 5, t¯ = 2.
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(iii) Let C =
1
1
1
1
0
0
0
G
Z
.
Then s = 3, t = 4, s¯ = −3, t¯ = −2.
Note that any column C of our Young wall model is uniquely determined
by s, s¯, t¯.
Let C be the set of all columns of our Young wall model and let
Baff≤0 = {(x, y)(−m) | x, y ∈ Z, m ∈ Z≥0} .
Define a bijection Ψ : C → Baff≤0 by
(5.6) Ψ(s, s¯, t¯) =
{(
s¯− 12 t¯,
1
2 t¯
)
(−s) if s¯ ≥ t¯,(
−12 t¯,−s¯+
1
2 t¯
)
(−s) if s¯ < t¯.
Then one can easily check that Ψ commutes with e˜i, f˜i (i = 0, 1) whenever
all the maps involved send non-zero vectors to non-zero vectors.
Let C = 〈s, t, s¯, t¯〉, C
′
= 〈s′, t′, s¯′, t¯′〉 ∈ C. Using the isomorphism Ψ, the
affine energy function H can be written as
H(Ψ(C)⊗Ψ(C ′)) = −s+ s′ − h(C,C ′),
where
(5.7) h(C,C ′) =


max
(
s¯− s¯′, s¯ + s¯′ − 2t¯′,
s¯′ − s¯, s¯′ − 3s¯+ 2t¯
)
if s¯ ≥ t¯, s¯′ ≥ t¯′,
max
(
s¯+ s¯′,−3s¯ − s¯′ + 2t¯,
− s¯− s¯′, s¯+ 3s¯′ − 2t¯′
)
if s¯ ≥ t¯, s¯′ < t¯′,
max
(
− s¯− s¯′,−s¯+ s¯′ + 2t¯,
s¯+ s¯′,−s¯+ s¯′ − 2t¯′
)
if s¯ < t¯, s¯′ ≥ t¯′,
max
(
s¯− s¯′,−s¯− s¯′ + 2t¯,
s¯′ − s¯,−s¯+ 3s¯′ − 2t¯′
)
if s¯ < t¯, s¯′ < t¯′.
The notion of (basic) ground-state Young walls, Young walls, reduced
Young walls, i-signatures and Kashiwara operators are defined in the same
way as in Section 4. Let Y(∞) (resp. R(∞)) denote the set of all Young
walls (resp. reduced Young walls). For a Young wall Y = (Yk)k≥0, we define
(i) wt(Y ) = −k0α0 −
1
2k1α1, where ki is the number of i-blocks above
the ground-state wall of Y (i = 0, 1),
(ii) εi(Y ) is the number of −’s in the i-signature of Y ,
(iii) ϕi(Y ) is the number of +’s in the i-signature of Y .
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Using the same argument in Section 4, one can prove:
Theorem 5.2.
(a) The sets Y(∞) and R(∞) are Uq(A
(2)
2 )-crystals.
(b) There are Uq(A
(2)
2 )-crystal isomorphisms
R(∞)
∼
−→ Paff(∞)
∼
−→ B(∞)
Y∞ 7−→ b
aff
∞ 7−→ 1,
where Y∞ is the basic ground-state wall, b
aff
∞ is the affine ground-state path
in Paff(∞) and 1 is the highest weight vector of B(∞).
Example 5.3. We illustrate part of the Uq(A
(2)
2 )-crystal R(∞).
0
0
0
0
0
0
0
1
1
1
1
1
1
1
1
1
1
1
1
0
0
0
0
..
.
..
.
..
.
0
0
0
0
0
0
1
1
1
1
1
1
1
1
1
1
1
1
1
1
0
0
0
0
..
.
..
.
..
.
..
.
..
.
0
0
0
0
0
0
1
1
1
1
1
1
1
1
1
1
1
1
0
0
0
0
..
.
..
.
..
.
0 1
1
1
1
1
0
0
0
..
.
1
1
1
1
0
0
0
..
.
..
.
0
0
0
1
1
..
.
1
1
1
1
0
0
..
.1 0
Y∞ =
0
0
1
1
..
.0 1
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